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Subspace Clustering via Good Neighbors:
Supplementary Material

�

1 PROOF

Proposition 1. The Z∗ derived from the proposed FGNSC sat-
isfies the subspace-preserving property as in Definition 1 in the
manuscript.

Proof. For each sample xi, we compute its η-neighbors

Nη(xi) which selects the connections with top η values of wi.

Considering the IPD property and η < n where n is the number of

samples in one subspace, it follows that the candidate η-neighbors

of xi are in the same subspace with xi, i.e., xi ∈ S if and only

if Nη(xi) ⊂ S . Since we generate the good neighbors from the

η-neighbors, we have N i ⊂ S . Therefore, as we set z∗ij = 0
if xj /∈ N i, the subspace-preserving property of Z∗ is thus

proved.

2 NOTATIONS

The main notations in this paper and the corresponding descrip-

tions are shown in Table 5.

Let xi (1 � i � N) be the representation of the i-th sample

in the data matrix X ∈ R
D×N where D denotes the dimension

of each sample and N is the number of samples. All samples are

assumed to lie in one of K subspaces {Si}Ki=1 with the number of

samples nS and the intrinsic rank {di}Ki=1 where nS > di. Most

recent subspace clustering algorithms [1], [2] are based on the

assumption that the K subspaces are independent, and thus the

samples from different subspaces can be grouped into different

clusters.

On one hand, the coefficient matrix Z can be interpreted as

a new representation of X , i.e., each column zi represents the

sample xi in terms of other samples in X . It induces richer

correlations than the original space due to the regularization pro-

cess via constraints on sparsity, subspace-preserving property and

connectivity within each subspace [3] (see Section 2.1 and 2.2).

From the permuted Z a certain block-diagonal structure [4]

can be extracted when samples lie on a union of linear subspaces.

Spectral clustering methods [5] can then be applied to form a

low-dimension embedding of the correlation matrix Z, on which

groups of data can be formed using the K-means method.

Spectral clustering [5] can be considered as a segmentation

process on an affinity graph G with N vertices, where each sample

in X denotes a vertex and the weights of the edges are derived

from Z [6]. Hence, the clustering performance relies on not only

the sparsity of the inter-subspace connections but also the con-

nectivity among intra-subspace samples since the segmentation in

subspace clustering is based on finding the connected components

of G [7].

TABLE 5
The main notations in this paper and the corresponding descriptions.

Notation Description

x,X a sample, the set of samples
Z coefficient matrix

‖Z‖ξ �ξ norm of the matrix Z
d the intrinsic dimensionality of the subspace
nS the number of samples of the subspace S
S one arbitrary subspace
G a graph composed of vertexes and edges

v,V one vertex, the set of vertexes
e,E one edge, the set of edges
W the affinity matrix
η the number of candidate neighborhoods for each

sample
Nη(xi) the set of η-neighbors

γ the number of good neighbors for each sample
μ the required number of the candidate neighbors on

the cycle for determining the good neighbor
N the set of good neighbors

1x∈N the indicator function, which equals to 1 if x ∈ N
and 0 if x /∈ N

sij the connection score between samples xi and xj

xi

z∗,Z∗ one entry of the updated coefficient matrix, the up-
dated coefficient matrix

W ∗ the updated affinity matrix
Ne the error rate of good neighbors

For numerous vision tasks, subspaces can be dense while each

sample can lie on the intersection of the subspaces. Therefore,

directly optimizing on the data space may be ineffective for

capturing the subspace structure of samples, especially for the

optimization scheme [8] which jointly optimizes the sparsity

and the connectivity properties. Recently, several post-processing

modules are proposed to enhance the performance on the projected

space Z [9], [10].

We now present the graph representation of good neighbors.

For samples XS in each subspace S , we extract only the affinities

WS between the samples and its η-neighbors to construct a new

subgraph G′
S = (XS ,WS). Each sample and one of its η-

neighbors are connected via a path, which can be extended to

a longer connection with multiple samples.

Definition 1. (Good Neighbor: A Graph Interpretation) We
determine whether xj ∈ Nη(xi) is a good neighbor of xi. Given
the subgraph G′

S of which we have xi ∈ VS , and the η-neighbors
Nη(xi) which are connected with xi. If there is a path between
xi and xj with other μ samples {xil}μl=1 ⊂ Nη(xi), where
μ ≤ η, i ∈ R

μ is the set of ordinals, then xj is the good neighbor
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Fig. 4. Illustration of the requirement that xj (with green circle) is the
good neighbor of xi (with blue circle) assuming μ = 1. Samples with
gray circle are the η-neighbors of the corresponding sample. The lines
indicate the connections in the affinity graph. As shown by the blue
connections, xi, xj and xk are on same path as defined in Definition 1.

of xi.

The good neighbor of xi, e.g., xj , is required to be connected

to not only xi but also μ other samples selected from Nη(xi)
which form a path to xi. Therefore, more latent connections

between xi and its good neighbor xj are guaranteed while

existing a typical subspace closeting method only ensures one

connection for each sample pairs.

Figure 4 shows the requirement that xj is the good neighbor of

xi when we set μ = 1. In this case, xj belongs to the η-neighbors

of xi, xk belongs to the η-neighbors of xj and sequentially xi

belongs to the η-neighbors of xk. Namely, the good neighbor of

each sample ensures a local connectivity among its η-neighbors.

For xi ∈ S , we find γ ≤ n
μ good neighbors, where n denotes the

number of samples in S . Here, we set γ < η while η is sufficiently

large to support the selection process of good neighbors. In the

remainder, we use N ∈ R
γ×N to determine the collection of

good neighbors, of which N i ∈ R
γ denotes the set of good

neighbors of xi. We use γ to control the sparsity and μ to control

the connectivity. We discuss the details of these parameters in the

next section.

For clustering, it is more efficient and effective to exploit the

connections in the projected space Z rather than on the data

space X [9], [11]. As shown in [12], the representations based

on linear projections with different regularizations (e.g., �1, �2,

�∞ and nuclear norms) preserve the property of intra-subspace

projection dominance (IPD), i.e., the coefficients for the intra-

subspace points are larger than those over inter-subspace points.

However, simply preserving larger coefficients of Z does not

guarantee the connectivity of each subspace [7], [13]. In this

work, we preserve the key connections introduced by the proposed

good neighbors to guarantee the latent connectivity with as few

connections as possible. For each sample xi, a good neighbor

xj satisfies the following two conditions. First, the coefficient

zij ∈ maxγ(zi) where maxγ(·) contains the top γ values of

the vector. Second, xj , together with other μ samples and xi,

form a connected path where the direct connection between xp

and xq requires zpq ∈ maxγ(zp). We show that preserving

the connections among good neighbors leads to the subspace-

preserving property and the connectivity within each subspace,

thereby facilitating effective subspace clustering [13].

Each matrix is represented with a bold capital symbols, e.g., Z
denotes the correlation matrix derived from (1) in the msnuscript;

the columns of a matrix are denoted as bold lowercase letter with

different subscripts, e.g., zi denotes the i-th column of Z; and

the entries of a matrix are represented with lowercase letter with

double subscripts, e.g., zij denotes the (i, j)-th entry of Z. We

use Greek letters for representing the hyper-parameters in the

algorithm, such as η, γ, and μ. Furthermore, we use calligraphy

fonts to denote discrete structures or , e.g., S for the subspace, G
for the undirected graph and N for the good neighbors.

We use two forms of the subscripts for vectors and matrices.

The first one includes the normal lowercase letters which indicate

the successive position of entries directly, e.g., the subscript i of

xi denotes that xi is the i-th column of X . The second form

is by the collection of discrete positions. For example, the vector

i ∈ R
L represents a set of ordinals, and thus the columns in X

which satisfy particular requirements can be denoted as xil , where

0 ≤ l ≤ L.

We adopt the convention of using the indicator function 1a∈A

to compute the correlation between two groups as follows:

1a∈A =

{
1, if a ∈ A;

0, otherwise.
(1)

There are two kinds of the combinations of the component a and

the set A. The first one is the combination of scalars and vectors,

such as i and i. The other one is the combination of column

vectors and the corresponding matrix, such as xi and X .

2.1 Subspace Clustering

The goal of subspace clustering (SC) is to segment the data points

into a union of linear subspaces [14]–[20]. Let {Si}Ki=1 denote

K linear subspaces of RD , each of which is with the rank of di.
Consider the data matrix X = {xi}Ni=1 lying on the K subspaces,

where N denotes the number of data samples and each xi denotes

a sample with D dimensions.

A typical subspace clustering method first constructs a sparse

linear representation of each data sample using the remaining

dataset as a dictionary [21]–[25]. It generates a coefficient matrix

Z ∈ R
N×N by solving the following optimization problem:

min ‖Z‖ξ + λ‖X −XZ‖22 s.t. diag(Z) = 0, (2)

where the regularization term ‖Z‖ξ denotes a specific norm of

Z, and different ξ leads to different Z in terms of sparsity and

connectivity properties [8], [26], [27]. In (2), λ is the weighted

parameter, and the constraint diag(Z)=0 eliminates the trivial

solution of representing the samples as a linear combination of

itself. Here, the sparsity induces the subspace-preserving property

which has been extensively studied [28]–[33].

The coefficient matrix Z can be interpreted in two ways. First,

each column zi of Z is considered as a new representation of the

sample xi regarding the remaining samples in X , which is sparser

than the original one yet preserving the determinative ability [3].

Second, each entry zij in Z reflects the correlation between the

sample pair xi and xj [29]. As a result, it can be used to construct

the affinity graph G.

After generating Z by solving the optimization problem in (2),

the next step of the subspace clustering is to infer the segmentation

of the samples using the spectral clustering module [2], [6], [34],

[35].
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2.2 Graph Interpretation
Spectral based subspace clustering algorithms can be considered

as a graph segmentation process [6]. In this section, we illustrate

the subspace clustering method from the graph perspective.

Given a set of data samples X , subspace clustering methods

compute the optimization problem in (2) to generate the coefficient

matrix Z. We interpret Z as a correlation matrix which reflects

the similarities between all sample pairs. Since we have no more

information than the data samples in X and the similarities in Z,

we represent the data samples in the form of the affinity graph

denoted by G = (V ,E). Specifically, each data sample xi in X
is a vertex vi of the graph. We define a symmetric nonnegative

affinity matrix W ∈ R
N×N as W = |Z| + |Z|�. A pair of

vertices are connected if and only if the similarity wij between the

corresponding samples xi and xj is non-zero. The edge between

the connected vertices xi and xj is weighted by wij .

After constructing the affinity graph G, spectral clustering

methods compute the graph Laplacian of G to detect the K
clusters. Regarding the characteristics of the spectral clustering, an

ideal G derived by W meets the following three requirements [6],

[29]:

• If xi and xj are connected with the weight being wij �= 0,

then we have xi ∈ S and xj ∈ S;

• If we have xi ∈ S and xj /∈ S , then xi and xj are

disconnected;

• The connections should be as few as possible, and yet

guarantee the connectivity property within each subspace.

As a result, an ideal G has K connected components correspond-

ing to K subspaces, which guarantees the performance of the

spectral clustering [1].

For ease of analysis, we also construct the subgraph among

the samples within a single subspace S . Specifically, given XS
being the subset of X where XS contains the samples x ∈ S ,

and WS being the corresponding block in W , we construct the

subgraph GS = (XS ,WS). In this paper, we aim to eliminate the

redundant connections among each GS to generate G∗
S , of which

the connectivity property is preserved.

2.3 Problem Formulation
Given a set of noise-free data samples X lying in K independent

subspaces, a sparse subspace clustering (SSC) algorithm embeds

the correlation of the data samples into a sparse affinity graph

since each sample x ∈ Si is ideally best modeled by a linear

combination of di samples in Si. Here, di denotes the intrinsic

rank of Si. As a result, the subspace-preserving property and the

connectivity within a subspace are guaranteed [21].

However, under a mild assumption on both X and S , these

two properties are not well preserved due to the erroneous con-

nections [7]. A robust SSC algorithm aims to generate an affinity

graph which eliminates the effect of errors and preserves only

the key connections between samples in the same subspace [29].

These methods model and minimize the errors in the objective

functions, e.g.,

min ‖Z‖1 + λ‖E‖1 s.t. X = XZ +E, zii = 0, (3)

where E ∈ R
N×N contains the vectors of sparse error entries.

Unfortunately, the structure of errors is always unknown in the

original space and the convex optimization problem is too complex

to be solved efficiently [12].

In this paper, we propose to eliminate the effect of erroneous

and redundant connections on the projection space (spanned by

Z) instead of the original data space. We exploit the intrinsic

structure of the correlation matrix Z derived by (2) to find the key

connections which induce both the subspace-preserving property

and the connectivity within each subspace. We then retain only

the generated key connections and remove others to enhance the

performance of detecting the connected components of the graph.

3 CLUSTERING REAL-WORLD IMAGE DATA

In real-world applications, subspace clustering algorithms may

not perform well due to outliers or model assumptions [1]. For

example, the data may not lie perfectly on a union of subspaces

due to the noise or outliers introduced by the clustering oper-

ations [29]. In addition, the number of clusters K is always

unknown [31] which needs to be estimated before applying the

spectral clustering. In this section, we would like to share some

insights about the robustness of the proposed algorithm regarding

both aspects.

3.1 Handling Outliers

We analyze how of the proposed FGNSC algorithm performs on

the noisy samples with outliers. In contrast to existing methods [2],

[32] which optimize the noisy entries in a unified framework by

incorporating a term E in (3), we remove the outliers by elim-

inating the wrong connections according to the mapped affinity

graph.

As shown in Figure 4, given the samples xi and xj , the

good neighborhood relationship requires not only the connection

between xi and xj , but also the connections from xj to xk

and from xk to xi. If xj is one of the outliers which happens

to be connected with xi, we have xj /∈ Nη(xk) with a high

probability. Therefore, the proposed model is robust to the outliers

while a larger μ induces better robustness.

3.2 Estimating the Number of Clusters

In most real-world applications, the number of clusters, i.e., K , is

usually unknown [36]–[38]. Theoretically, the model estimation

problem in subspace clustering, i.e., estimating the number of

clusters, can be handled by counting the number of non-zero

eigenvalues of the Laplacian matrix L [31]. Here, the Laplacian

matrix L is derived by

L = I −D− 1
2WD− 1

2 , (4)

where I is the identity matrix, D is the diagonal degree matrix

where dii =
∑N

j=1 wij . However, the existence of the non-

zero eigenvalues relies on the strict block-diagonal property of

the permuted W , i.e., wij �= 0 only if xi ∈ S and xj ∈ S .

Therefore, it is generally challenging to obtain a correct estimate

due to the existence of non-zero entries [12], i.e., wij �= 0 but

xi ∈ S and xj /∈ S . Sequentially, Liu et al. [31] propose a soft

thresholding approach to estimate K̂ by:

K̂ = N − int

(
N∑
i=1

fτ (σi)

)
, (5)

where N is the number of samples in the dataset, {σi}Ni=1 denotes

a set of singular values of L and int(·) outputs the nearest integer
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TABLE 6
Evaluated datasets. The image size used in each experiment is shown

in the last column.

Datasets # of
Classes

Samples per
Class

Original
Size

After
Resizing

EYaleB 38 64 192×168 48×42
COIL-20 20 72 448×416 64×64
MNIST 10 300 28×28 28×28
USPS 10 300 16×16 16×16
AR 100 26 165×120 48×42

of a real number. The soft thresholding operator fτ (·) is defined

as:

fτ (σi) =

{
1, if σ > τ ;

log2(1 +
σ2

τ2 ), otherwise,
(6)

where τ is the learned threshold to eliminate the errors of {σi}Ni=1.

As shown in Proposition 1, the subspace-preserving property

of Z∗ and thus W ∗ is guaranteed. In addition, the W ∗ holds

stricter block-diagonal property than W derived by other meth-

ods. Therefore, it is easier to obtain the value of τ that is robust to

a variation of cluster numbers in this work.

4 EXPERIMENTAL SETTINGS

In the experiments except for Section 4.6 in manuscript,

the FGNSC algorithm consists of the smooth representation

(SMR [39]), the FGN Algorithm and spectral clustering [5]. We

first find a proper assignment of the parameters, e.g., γ, and μ.

Next, we show the effectiveness of the good neighbor matrix N
by contrasting the error rate of N using the pre-defined metric Ne

and the accuracy of the final labels L. We also compare the affinity

matrix derived by several methods to verify the trade-off between

the subspace-preserving property and the connectivity. Finally, we

evaluate the FGNSC algorithm on five benchmark datasets. In the

tables on clustering results, each entry indicates the average of

fifty trials with different combinations of classes (except those of

the whole datasets). The source code will be made available to the

public to enable reproducible research.
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